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Abstract We applied optimal control theory to an SI epidemic model to identify
optimal culling strategies for diseases management in wildlife. We focused on different
forms of the objective function, including linear control, quadratic control, and control
with limited amount of resources. Moreover, we identified optimal solutions under
different assumptions on disease-free host dynamics, namely: self-regulating logistic
growth, Malthusian growth, and the case of negligible demography. We showed that the
correct characterization of the disease-free host growth is crucial for defining optimal
disease control strategies. By analytical investigations of the model with negligible
demography, we demonstrated that the optimal strategy for the linear control can be
either to cull at the maximum rate at the very beginning of the epidemic (reactive
culling) when the culling cost is low, or never to cull, when culling cost is high. On
the other hand, in the cases of quadratic control or limited resources, we demonstrated
that the optimal strategy is always reactive. Numerical analyses for hosts with logistic
growth showed that, in the case of linear control, the optimal strategy is always reactive
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when culling cost is low. In contrast, if the culling cost is high, the optimal strategy
is to delay control, i.e. not to cull at the onset of the epidemic. Finally, we showed
that for diseases with the same basic reproduction number delayed control can be
optimal for acute infections, i.e. characterized by high disease-induced mortality and
fast dynamics, while reactive control can be optimal for chronic ones.

Keywords Optimal control · SI model · Wildlife diseases · Culling ·
Host demography

Mathematics Subject Classification (2000) 49K15 · 92D30

1 Introduction

Infectious diseases impose a heavy economic burden across the world to individuals,
whole societies and political systems. The avian influenza outbreak in Hong Kong
in 1997 caused hundreds of millions of dollars of damages for poultry production
losses and reduction in commerce and tourism (Fonkwo 2008). The direct costs and
consequential losses to farm industries caused by classical swine fever epidemics in
The Netherlands in 1996 were estimated at US$2.3 billion (Meuwissen et al. 1999).
While the direct costs related to foot-and-mouth epidemic in UK in 2001 has been
estimated at £7.6–8.5 billion (DEFRA/DCMS 2002).

As financial resources for public health programs are limited, it is crucial to devise
control strategies that are cost effective, i.e. that allow to minimize sanitary impacts
of infectious diseases at the minimum social cost. In practice this requires to trade-off
between the costs (or the constraints) of implementing control measures to prevent
dramatic outbreaks and the potential or expected economic losses that these control
measures should avoid.

The search for optimal control policies of infectious diseases has immensely ben-
efitted from the development of a large body of epidemiological models to analyze
the dynamics of infectious diseases and compare the efficacy and effectiveness of
alternative control strategies. The vast majority of theoretical works to identify effec-
tive strategies for diseases control has been developed with reference to pathogens of
humans or domestic animals. This reflects not only the high social demand for con-
trol strategies able to prevent the devastating impacts of diseases outbreaks on human
welfare and/or the economy of farmed animals, but also the availability of extensive
demographic and epidemiological data used to fit the models. Conversely, wildlife
diseases have received comparatively less attention and empirical studies are often
limited by the paucity of field data. This is unfortunate as the majority of emerging
and re-emerging diseases have originated from or are still maintained in wildlife hosts
(Daszak et al. 2000).

It is therefore essential to gain a better and more comprehensive understanding of
effective ways to control disease in wildlife populations. Vaccination and drug treat-
ments, the typical intervention measures to avoid outbreaks in humans and domestic
animals, are often not available or practical in the case of wildlife diseases (Cleave-
land et al. 2005). As a consequence, a common intervention strategy to control wildlife
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React or wait: which optimal culling strategy to control 1003

diseases is culling, i.e. the removal of individuals from an infected population. The
rationale of culling is that the rate at which susceptible individuals become infected
decreases with decreasing host density: on the basis of simple theoretical considera-
tions it is possible to show that there exists a threshold host density under which the
number of contacts per unit time between infected and susceptible hosts is so low
that the disease can not persist in the population (Anderson et al. 1981; Potapov et
al. 2012). With respect to more sophisticated control strategies, the appeal of culling
is also that it is relatively easy to implement, for instance through game hunting
or traps. It follows that culling can be readily deployed also in conditions of poor
infrastructure and, thus, it is considered a low-tech approach to disease control and
eradication. However, there is an increasing amount of theoretical (Choisy and Rohani
2006; Bolzoni et al. 2007; Beeton and MacCallum 2011; Bolzoni and De Leo 2013)
and empirical evidences (Laddomada 2000; Woodroffe et al. 2004; Donnelly et al.
2006; Lachish et al. 2010; Morters et al. 2013) that culling may be ineffective in erad-
icating pathogens from wild populations. These studies pointed out that in the case
of complex ecological interactions—such as, host contact and social structures, sea-
sonal dynamics, or selective pressures—culling may fail to eradicate wildlife disease
and, in some cases, even increase the severity of epidemics. Moreover, in particular
cases the complete eradication of the pathogen through culling might be feasible, but
so expensive to be considered a suboptimal solution, as highlighted by Fenichel and
Horan (2007).

As intensive culling rates can be enforced only for a limited amount of time for
economic and logistic reasons, a variety of intermittent culling strategies has been
historically implemented by health authorities in order to fight wildlife diseases. For
instance, intensified hunting campaigns at the onset of the epidemics (the so-called
‘reactive culling’, Donnelly et al. 2003) were performed to control bovine tuberculo-
sis in British badger (Donnelly et al. 2003) and rabies in European fox (Woodroffe
et al. 2004) and Canadian raccoon (Rosatte et al. 2001), in the effort to drive popula-
tion density below the threshold for disease eradication. On the other hand, hunting
campaigns carried out at the end of the first epidemic peak (the so-called ‘epidemic-
transient phase’ or ‘delayed culling’, Schnyder et al. 2002) were performed to control
classical swine fever in Swiss wild boar (Hofmann et al. 1999; Schnyder et al. 2002).
The rationale is that, because of limited capacity of the surveillance system in the
wild, it is often too late to prevent a full-blown outbreak once the disease has been
detected. Therefore, in the short run it is more effective to let the fast-growing part of
the epidemic follows its course and, then, to start culling around the epidemic peak
when the large part of the susceptible individuals has been already depleted by the
disease. Another possible alternative is simply to let the disease run its course (the
so-called ‘do-nothing alternative’, Bolzoni et al. 2007), which has been applied to
classical swine fever in wild boar in Sardinia (Laddomada et al. 1994).

What strategy is most effective is a matter of debate and may depend upon the
demography of the targeted host, the infection characteristics and other factors affect-
ing the balance between the overall culling costs and the actual or expected eco-
nomic damages caused by the epidemic. As it is generally impossible, if not unethical,
to run repeated control-effort experiments in the wild to assess under what condi-
tions a specific culling strategy performs better, in practice it is convenient to rely on

123



1004 L. Bolzoni et al.

epidemiological models to describe disease dynamics in the framework of the optimal
control theory (Pontryagin et al. 1962).

Several studies about optimal control applications to disease outbreaks have been
done for basic SI epidemic models without host demography both for isolation and vac-
cination (Abakuks 1973, 1974; Morton and Wickwire 1974; Wickwire 1975; Behncke
2000; Hansen and Day 2011b), while, to our knowledge, no analysis has been done
for culling. On the other hand, time-optimal control through culling has been applied
to more specific infection contexts. Bolzoni and De Leo (2007) have applied a two-
strain SI model to classic swine fever in order to evaluate the performances of optimal
time-flexible culling strategies under different constraints of budget and available
information. Horan and co-authors analysed in a series of papers the optimal control
of bovine tuberculosis among a trophy valuable host, the Michigan white-tailed deer,
by using two control variables: culling and supplemental feeding of wildlife (Horan
and Wolf 2005; Horan et al. 2005; Fenichel and Horan 2007). While these all are
very insightful applications to specific diseases under particular assumptions, a gen-
eral understanding of time variable optimal culling strategies developed on the basis
of simple epidemiological models of wildlife populations is still lacking.

The aim of the present work was to thoroughly investigate optimal control strategies
of infectious diseases in the wildlife when culling is the only viable control strategy.
By using a family of simple SI models, we explored under what conditions the delayed
strategy is more effective than reactive culling or no control at all. The simplicity of
our epidemiological model allowed us to conserve generality and to derive useful
benchmarks to contrast the results of other or future investigations based on more
sophisticated models developed for specific diseases.

Our contribution differs from prior literature in three important ways. First, we
analyzed the problem under alternative assumptions on the shape of the objective
functional, including: linear control, quadratic control, and resource constraint. In
fact, the estimation of the costs functions can be affected by considerable uncertainties
and there are legitimate reasons to assume that costs increase either linearly or more
than linearly with the culling rate and with the abundance of the individuals during
the course of an epidemic. It was thus crucial to understand how the optimal control
strategy is affected by the shape of the cost function. In addition, we investigated
optimal control strategies when resources for culling are severely limited, as limited
resources may curb both the maximum culling rate that can be exerted and the timing
and duration of the culling campaigns.

Second, we identified optimal control solutions under different assumptions on
disease-free host dynamics, including: self-regulating (logistic) hosts, Malthusian
growth, and populations with negligible growth respect to the infection dynamics.
While the majority of papers on the optimal control of human infectious diseases
assumes a constant population, wildlife hosts may actually exhibit wide fluctuations
in abundance in response to both culling and disease outbreaks (Choisy and Rohani
2006; Bolzoni et al. 2008). As a consequence, it is crucial to assess whether alternative
assumptions on the disease-free dynamics of wildlife hosts affect the optimal culling
strategy.

Third, we performed a numerical analysis of the optimal control strategies with
respect to various epidemiological parameters that are difficult to estimate in the wild
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and we assessed whether chronic diseases, characterized by a slow dynamics of the
epidemics (such as tuberculosis), may require different control strategies with respect
to acute diseases, characterized by fast dynamics and high virulence (such as rabies).

2 Model formulation and analysis

We used optimal control theory (Pontryagin et al. 1962) to explore the impact of
different culling strategies on an infectious disease in wildlife. In our analysis we
considered a simple susceptible-infected (SI) model with harvesting, where the host
population can be subdivided at any time t in two compartments with respect to the
epidemiological status: susceptible individuals, S(t), and infected individuals, I (t).
The dynamics of these compartments can be described by the following system of
ordinary differential equations

Ṡ = G(S, I )− βSI − u(t) S (1)

İ = βSI − (α + μ+ u(t)) I, (2)

with initial condition

S(0) = S0, I (0) = I0. (3)

The function G(S, I ) represents the growth rate of the host population,μ represents the
natural mortality rate of a disease-free host,β represents the transmission coefficient of
the infection, and α represents the disease-induced mortality rate. The control function
u(t) represents the harvesting (or culling) effort, which is assumed to be the same for
all compartments, due to the difficulty in characterizing the infectious status of a host.

We adopted an optimization approach based upon the Hamiltonian method (Pon-
tryagin et al. 1962; Seierstad and Sydsaeter 1987), which allowed us to determine the
optimal control function u∗(t) through the minimization of the overall costs associated
to disease outbreaks. The total costs can be considered as a sum of two factors (see
e.g., Bolzoni and De Leo 2007). The first one includes essentially sanitary costs, such
as costs for surveillance, for potential spill-over in livestock and for repopulation, and
it can be assumed as proportional to the number of infected individuals, that is AI (t),
with A positive constant. The second one simply represents the costs related to the
disease control: it includes the cost of organizing and carrying out hunting activities,
monitoring population densities, etc., and it can be assumed to be proportional to the
culling effort, namely Bu(t)θ , with B and θ both positive. Thus, the total cost CT OT

over T years can be evaluated as CT OT (u) = AJ (u), with

J (u) =
T∫

0

[
I (t)+ Pu(t)θ

]
dt, (4)

where P = B
A ≥ 0 is the relative cost per unit culling effort over the cost of a single

infection. Following the literature on the optimal control of infectious diseases, we
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choose to model in our study the control effort costs via linear or quadratic terms,
θ ∈ {1, 2} (see e.g., Morton and Wickwire 1974; Behncke 2000; Horan and Wolf
2005; Lee et al. 2010). Let us define the set of all admissible controls as

U =
{

u(t) piecewise continuous | 0 ≤ u(t) ≤ umax , ∀ t ∈ [0, T ]
}
, (5)

where umax is the upper bound of the control u(t), representing the maximum culling
effort enforceable. Finally, the optimal control problem can be formulated as follows:

Find the control for model (1, 2) that achieves

min
u(t)∈U

T∫

0

[
I (t)+ Pu(t)θ

]
dt, θ ∈ {1, 2} (6)

subject to initial condition (3).
To study the effect of host demography on epidemiological dynamics and the con-

sequent optimal control for SI system (1, 2), we have taken into account different
expressions for the host growth rate G(S, I ) in (1).

2.1 SI model with density-dependent growth

Let us first consider a logistic growth function for the disease-free host population
where only susceptible individuals reproduce (pathogen-induced sterility, Bonds 2006)

G(S, I ) = r S
(

1 − S + I

K

)
(7)

where K represents the host carrying capacity and r = ν − μ represents the intrinsic
growth rate of the disease-free host population, being ν the fertility rate and μ the
natural mortality rate, respectively. Growth rate (7) is enforceable in the case of density-
dependent mechanisms acting especially on host reproduction (see e.g., Barlow 1996;
Bolzoni and De Leo 2007). However, in several vertebrate species, density-dependent
mortality is much stronger in younger individuals than in adults, for which it is often
negligible (Gaillard et al. 2000). Then, (7) can be acceptable also in the presence of
density-dependent mortality in juveniles when the average age of infection is high, i.e.
when sub-adult and adult individuals are generally infected. The assumption in (7) of
pathogen-induced sterility might not hold true for some pathogenic agents. However,
since the host infectious period is often short respect to the pregnancy period and since
the prevalence of infected individuals is usually low in the population, the contribution
of infected individuals to the population reproduction can be considered negligible for
several diseases also in the absence of pathogen-induced sterility.

With these choices, system (1, 2) reads as

Ṡ = r S

(
1 − S + I

K

)
− βSI − u S (8)

İ = βSI − (α + μ+ u) I. (9)
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Using standard existence results from Fleming and Rishel (1975) (see also de Pillis
et al. 2007) it is possible to show that there exists an optimal control u∗ ∈ U for such
system which minimizes the objective functional J (u) in (6).

The characterization of the optimal control is obtained using the Pontryagin’s
Maximum Principle (Pontryagin et al. 1962). Let us focus on the case θ = 2, namely
the objective functional J (u) in (4) is quadratic in the control (see Theorem 1); and
the case θ = 1, namely the objective functional J (u) in (4) is linear in the control
(see Theorem 2).

Theorem 1 (Quadratic cost) Given an optimal control u∗ and the corresponding opti-
mal state solution S, I of (8, 9) with initial conditions (3) that minimize the functional
(4) with θ = 2, there exist adjoint functions λ1(t), λ2(t) satisfying

λ̇1 = λ1

[
r

(
2S + I

K
− 1

)
+ β I + u

]
− λ2 β I (10)

λ̇2 = λ1S
(
β + r

K

)
+ λ2

(
α + μ+ u − βS

) − 1 (11)

with λi (T ) = 0, i = 1, 2, and

u∗ = max

(
0,min

(
û, umax

))
, where û = λ1(t)S(t)+ λ2(t)I (t)

2P
. (12)

Proof The Hamiltonian for the considered problem is given by

H = I + Pu2 + λ1 r S

(
1 − S + I

K

)
− λ1 βSI − λ1 uS

+ λ2 βSI − λ2 (α + μ+ u)I. (13)

Using Pontryagin’s Maximum Principle (Pontryagin et al. 1962), there exist adjoint
variables λ1(t), λ2(t) satisfying

λ̇1 = −∂H
∂S

= λ1

[
r

(
2S + I

K
− 1

)
+ β I + u

]
− λ2 β I (14)

λ̇2 = −∂H
∂ I

= λ1S
(
β + r

K

)
+ λ2

(
α + μ+ u − βS

) − 1. (15)

This system is equipped with final time boundary conditions (transversality condi-
tions), which are zero since there is no dependence on the states at the final time
in the objective functional. The control characterization for u in (12) comes from
∂H
∂u = 0 whenever 0 < u(t) < umax and taking bounds into accounts, according to

our minimization problem. ��
Theorem 2 (Linear cost) Let Pβ 	= 1; given an optimal control u∗(t) and the corre-
sponding optimal state solution S, I of (8, 9) with initial condition (3), that minimizes
the functional (4) with θ = 1, there exist adjoint functions λ1(t), λ2(t) satisfying
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λ̇1 = λ1

[
r

(
2S + I

K
− 1

)
+ β I + u

]
− λ2 β I (16)

λ̇2 = λ1S
(
β + r

K

)
+ λ2

(
α + μ+ u − βS

) − 1 (17)

with λi (T ) = 0, i = 1, 2, and

u∗ =
⎧⎨
⎩

0 if P − λ1S − λ2 I > 0
us if P − λ1S − λ2 I = 0
umax if P − λ1S − λ2 I < 0

(18)

where the singular control us is given by

us = R(S, I )

Q(S, I )
, (19)

provided 0 ≤ us ≤ umax , with

R(S, I ) = (α + μ+ r)

S + I

{[
βS −

( r

K
+ β

)
I
] [

2(r − α − μ)+ βS −
( r

K
+ β

)
I
]

−βS
[ r

K
S + 2

( r

K
+ β

)
I
]

+ r2 − r(α + μ)+ (α + μ)2
}

(20)

and

Q(S, I ) = SI

S + I
(α + μ+ r)

[
βS −

( r

K
+ β

)
I
]
, (21)

with Q 	= 0 and (Pβ − 1)Q > 0.

Proof The Hamiltonian for the considered problem is given by

H = I + Pu + λ1 r S

(
1 − S + I

K

)
− λ1 βSI − λ1 uS

+λ2 βSI − λ2 (α + μ+ u)I. (22)

Using Pontryagin’s Maximum Principle (Pontryagin et al. 1962), there exist adjoint
variables λ1(t), λ2(t) satisfying

λ̇1 = −∂H
∂S
, λ̇2 = −∂H

∂ I
(23)

yielding (16, 17). This system is equipped with final time boundary conditions
(transversality conditions), which are zero since there is no dependence on the states at
the final time in the objective functional. The behaviour of the control may be obtained
by considering the switching function

ψ(t) = ∂H
∂u

= P − λ1S − λ2 I ; (24)
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for this minimization problem, part of the control characterization follows from the
sign of ψ(t)

u = 0 when ψ(t) > 0 and u = umax when ψ(t) < 0.

If the singular case ψ(t) = 0 never occur, the optimal control is called bang-bang.
Otherwise, supposeψ(t) = 0 on some non-empty interval of time (t1, t2). This implies
that all the derivatives of ψ(t) must vanish on this interval. Substitution into the
respective equations of the optimality system (8, 9) and (16, 17), and rearranging
gives

ψ̇(t) = −λ1S
[ r

K
S +

( r

K
+ β

)
I
]

+ λ2βSI + I. (25)

From ψ = 0 and ψ̇ = 0 we can solve for λ1 and λ2 in terms of the state variables,
and we get

λ1 = PβS + I

S(S + I )
( r

K + β
)

λ2 =
r
K P(S + I )+ I (Pβ − 1)

S(S + I )
( r

K + β
) . (26)

Differentiating again the switching function we obtain, after some algebra,

ψ̈(t) = λ1S

[
r2

K
S − (α + μ)

( r

K
+ β

)
I

]
− λ2rβSI + (α + μ)I (27)

...
ψ(t) = λ1S

[( r

K
+ β

)
(α + μ)2 I −

( r

K
+ β

)2
(α + μ+ r)SI + r3

K
S

]

−λ2βSI

[
r2 −

( r

K
+ β

)2
(α + μ+ r)I

]
+ I

[
βS(α + μ+ r, α + μ)2

]

(28)

which do not depend explicitly on u, and finally from
....
ψ = 0 we obtain a linear

equation in u, whose coefficients are function of S and I . Precisely, we get

....
ψ (t) = 0 = (1 − Pβ)[R(S, I )− uQ(S, I )] (29)

where R and Q are given in (20) and (21) respectively, and consequently we obtain the
singular control (19), provided Pβ 	= 1. Moreover, since the number of derivatives
of the switching function required to determine us is 4, this singular control has
order 2. On the contrary, in the case Pβ = 1, the control u never appears explicitly
in the differentiation process, then optimal control problem (6) becomes an infinite-
order singular problem (Powers 1980). In such a case, the optimal control u∗(t) is
non-unique and there exists an infinity of controls which will produce the same cost
(Bortins et al. 1980).
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The generalized Legendre Clebsch condition (Krener 1977) is a necessary condition
for the singular control to be optimal. For our minimization problem, it reads as

(−1)2
∂

∂u

[
d4

dt4

∂H
∂u

]
= (Pβ − 1)Q ≥ 0. (30)

The sign of such derivative is determined thus by two factors, namely Pβ−1, depend-
ing only on the parameters of the problem, and Q given in (21). The (S, I ) plane is
then divided by the line βS − ( r

K + β
)

I = 0 into two regions, and only in one of
those we cannot rule out the possibility of a singular control, whereas in the other
region there are not singular minimizing arcs, so that the control is bang-bang. ��

Now let us consider different growth functions, that can be regarded as limiting
cases of (7).

2.2 SI model with Malthusian growth

In the limit K → +∞, the growth function (7) reduces to

G = G(S) = r S, r = ν − μ (31)

which represents a Malthusian growth for the disease-free host population. Corre-
spondingly, the SI system reads as

Ṡ = r S − βSI − u S (32)

İ = βSI − (α + μ+ u) I. (33)

Growth rate (31) can describe host populations far short of their carrying capacity,
e.g. experiencing an extra-mortality due to predation or hunting activities. This is the
case of several wildlife hosts which are also species of hunting interest, such as wild
boar, white-tailed deer, and fox (reservoir of classical swine fever, bovine tuberculosis
and rabies, respectively).

System (32, 33) is formally equivalent to a Lotka–Volterra model, with S(t) acting
as prey and I (t) as predator (Volterra 1927). This system is characterized by undamped
oscillations around a neutrally stable steady state whose amplitude is determined by the
initial number of susceptibles, S(0), and infectives, I (0). In such case, the investigation
of the behaviour of the optimal solution when J (u) in (4) is linear in u (again, θ = 1)
can be further carried on.

The Hamiltonian function for such problem is

H = I + Pu + λ1S(r − β I − u)+ λ2 I [βS − (α + μ+ u)] (34)

and the adjoint system reduces to

λ̇1 = −∂H
∂S

= (λ1 − λ2)β I + λ1(u − r) (35)
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λ̇2 = −∂H
∂ I

= (λ1 − λ2)βS + λ2(α + μ+ u)− 1 (36)

with λi (T ) = 0, i = 1, 2. The switching function ψ(t) = ∂H/∂u coincides with
(24), and the expression of the optimal control is given again by (18).

As regards the bang-bang feature of the optimal control, the following result holds.

Theorem 3 Let Pβ 	= 1 be the necessary condition for the existence of the second-
order singular control us (see (29)); the optimal control u∗(t) for the system (32, 33)
with linear costs can be only bang-bang, namely

meas
({t ∈ [0, T ] : ψ(t) = 0}) = 0.

Proof Let us calculate ψ̇ ; we obtain

ψ̇ = I (1 −Λ) (37)

where

Λ = Λ(S, λ1, λ2) = βS(λ1 − λ2). (38)

Simple algebra yields

Λ̇ = βS[1 −Λ− λ2(α + μ+ r)] (39)

λ̇2 = Λ− 1 + λ2(α + μ+ u). (40)

If ψ = 0 on some non empty interval J , then ψ̇ = 0 and thus Λ = 1 on J . Conse-
quently Λ̇ = 0 and, since Λ = 1, from (39) we get λ2 = 0 on J . Now, combining
togetherψ = 0 andΛ = 1 on J , withψ given in (24) andΛ given in (38) respectively,
and using λ2 = 0 we obtain Pβ − 1 = 0, which contradicts the hypothesis. Then, in
the case of a finite-order singular problem derived from Theorem 2 (i.e., Pβ 	= 1), the
optimal control is purely bang-bang. ��

2.3 SI epidemic model with no growth

Let us consider now slow growth dynamics of the population (compared with the
dynamics of the infection), which can be obtained in the limiting case r, μ → 0; in
that case, system (1, 2) reduces to

Ṡ = −βSI − u S (41)

İ = βSI − (α + u) I ; (42)

we look for a solution minimizing the functional (4) with θ = 1 in the class of
admissible functions (5). Moreover, in Sects. 2.3.1 and 4 we will characterize optimal
solutions under the assumptions of quadratic control and limited control resources,
respectively.
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The Hamiltonian function, as well as the adjoint system, are easily obtained from
(34) and (35, 36), respectively, by putting r = μ = 0. In particular,

H = I + Pu − λ1(βSI + uS)+ λ2[βSI − (α + u)I ]. (43)

The control characterization for u is obtained again by considering the switching
function (24) and also in this case its expression is given by (18). Theorem 3 is valid
also for system (41, 42), and the proof is easily obtained by putting there r = μ = 0.
Moreover, the following result, relevant to the sign of the switching function ψ(t),
can be proved.

Theorem 4 Given the Hamiltonian (43), if the switching function ψ(t) = ∂H/∂u is
positive at the initial time t = 0, thenψ(t) > 0 ∀ t > 0 and then the optimal solution
for system (41, 42) with linear costs is u∗ ≡ 0 ∀ 0 < t < T .

Proof First, we notice that, due to the transversality conditions,

ψ(T ) > 0, ψ̇(T ) > 0. (44)

Let us suppose that ψ(t) changes its sign. Since ψ(0) > 0 by assumption, due to
(44) there exists (without loss of generality) two switching time instants ts1 , ts2 and
a time τ1, ts1 < τ1 < ts2 in which ψ has a relative (negative) minimum, namely
ψ(τ1) < 0, ψ̇(τ1) = 0, ψ̈(τ1) > 0 (ψ is sufficiently smooth in (ts1, ts2)). Let us
notice that ψ̇(τ1) = 0 implies, by (37), Λ(τ1) = 1 and we have

ψ̈(τ1) = [ İ (1 −Λ)− I Λ̇](τ1) = −I (τ1)Λ̇(τ1) > 0.

Thus, using (39) (with r = μ = 0) it follows that

Λ̇(τ1) = −αβS(τ1)λ2(τ1) < 0.

Let us now focus on the function Λ. On (ts2 , T ) we have ψ(t) > 0 and then u = 0
and the following system (obtained from (39, 40)) holds

Λ̇ = βS[1 −Λ− αλ2] (45)

λ̇2 = Λ− 1 + αλ2. (46)

Due to the structure of such differential system, the sign of these derivatives cannot
change in (ts2 , T ). Since Λ̇(T ) > 0, it follows that Λ̇(t) > 0 when t → t+s2

and for
the continuity of Λ̇ in (0, T ) it must be Λ̇(t) > 0 also when t → t−s2

. Then, since
Λ(T ) = 0, we haveΛ(ts2) < 0, whereasΛ(τ1) = 1 with Λ̇(τ1) < 0. This implies that
there exists a time τ2, τ1 < τ2 < ts2 , such that Λ(τ2) < 0, Λ̇(τ2) = 0, Λ̈(τ2) > 0
(also Λ is sufficiently smooth). From

Λ̇(τ2) = βS(τ2)[1 −Λ(τ2)− αλ2(τ2)] = 0
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we obtain λ2(τ2) > 0, that implies (from (40) with μ = 0) λ̇2(τ2) = − Λ̇(τ2)
βS(τ2)

+
(λ2u)(τ2) = (λ2u)(τ2) > 0; moreover the second derivative

Λ̈ = Ṡ

S
Λ̇− βSΛ̇− αβSλ̇2

evaluates in τ2 becomes Λ̈(τ2) = −αβS(τ2)λ̇2(τ2) < 0 since λ2(τ2) > 0. This gives
a contradiction since τ2 is a relative minimum for Λ. Thus ψ cannot change its sign
in (0, T ) and the thesis holds. ��

Theorem 4 allows us to rule out the possibility that a ‘sit and wait’ with ‘delayed’
culling can be optimal for linear controls in host populations with slow growth dynam-
ics. As a consequence only ‘reactive culling’ and the ‘do-nothing alternative’ can
be admissible optimal strategies in this context. Specifically, ‘reactive culling’ [‘do-
nothing alternative’] is optimal when relative costs (P) are sufficiently low [high], see
the expression of ψ(t) in (24).

2.3.1 Quadratic control in SI epidemic model with no growth

Let us consider now the optimal control problem for SI model with no growth (41, 42),
with quadratic objective functional to minimize, namely θ = 2 in (4). The expression
of the optimal control is given by (12)

u∗ = max

(
0,min

(
û, umax

))
, where û = λ1(t)S(t)+ λ2(t)I (t)

2P
(47)

being the Hamiltonian given by

H = I + Pu2 − λ1 βSI − λ1 uS + λ2 βSI − λ2 (α + u)I (48)

and the adjoint variables satisfy

λ̇1 = λ1(β I + u)− λ2 β I (49)

λ̇2 = λ1βS + λ2
(
α + u − βS)− 1. (50)

Rearranging such equations we obtain the following system for Λ = βS(λ1 − λ2)

and λ2

Λ̇ = βS(1 −Λ− λ2 α) (51)

λ̇2 = Λ− 1 + λ2(α + u). (52)

Theorem 5 The optimal solution u∗ for system (41, 42) with quadratic costs (namely,
which minimize (4) with θ = 2) is always positive at t = 0.

Proof First, due to transversality conditions for λ1,2, û(T ) = 0; moreover, since u∗
is C0, then Λ is C2 and λ2 is C1, and we have
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˙̂u = I (Λ− 1)

2P
. (53)

We prove that ˙̂u(t) < 0 ∀t 0 ≤ t ≤ T . Assuming that ∃ τ1 such that ˙̂u(τ1) ≥ 0, it
impliesΛ(τ1) ≥ 1. SinceΛ(T ) < 0 with Λ̇(T ) > 0, and λ2(T ) = 0 with λ̇2(T ) < 0,
then there exists a time instant τ1 < τ2 < T such that Λ̇(τ2) = 0 and Λ(τ2) < 0.
It follows that λ̇2(τ2) > 0 and λ2(τ2) > 0, and this implies that there exists a time
instant τ3, τ2 < τ3 < T , such that λ̇2(τ3) = 0 and λ2(τ3) > 0. As a consequence
Λ(τ3) < 0, which gives a contradiction.

Then, ˙̂u(t) < 0 ∀t 0 ≤ t ≤ T and since û(T ) = 0, it must be û(0) > 0 and then
u∗(0) = min

(
û, umax

)
> 0. ��

Theorem 5 allows us to rule out the possibility that ‘delayed’ culling and the ‘do-
nothing alternative’ can be optimal for quadratic controls in host populations with
slow growth dynamics. As a consequence only ‘reactive’ strategies characterized by
non increasing culling effort (i.e. 0 < u∗(0) ≤ umax and u̇∗(t) ≤ 0 ∀ 0 ≤ t ≤ T ) can
be optimal in this context.

3 Numerical results

In previous sections we showed that the solution of the optimal control problem (6)
can be determined using analytical methods for θ = 1, 2 in model (41, 42) without
demography and for θ = 2 in model (8, 9) with density-dependent growth. On the
contrary, in the case of a host population with density-dependent dynamics and linear
costs (θ = 1), the optimal control problem is too complex to be thoroughly investigated
with analytical tools alone. Specifically, Theorem 2 did not rule out the optimality of the
singular control, alongside with a bang-bang control, in a limited region of the (S, I )-
plane. Therefore, we used numerical simulations to determine the shape of the optimal
control function u∗(t) in different scenarios when the objective cost functional J (u)
defined in (4) is linear in the control. Moreover, we carried out our analyses by varying
different model parameters in order to understand the ecological and epidemiological
conditions under which ‘reactive’ culling strategies outperform ‘delayed’ strategies
and viceversa. We illustrated this general problem by using badger bovine tuberculosis
in UK as a reference disease, since it represents a textbook example of the use of
different culling strategies in the attempt to eradicate the infection (Donnelly et al.
2003), and because overall costs associated to both the infection and the badger culling
activities have been thoroughly estimated (Smith et al. 2007). The parameter values
used for numerical simulations are summarized in Table 1.

The optimality systems, depending on initial conditions for state variables S, I
and final conditions for adjoint variables λi , i = 1, 2, have been solved numerically
by using the forward–backward sweep method proposed in Lenhart and Workman
(2007), based on a fourth-order Runge–Kutta scheme. Starting with initial conditions
for the state variables and an initial guess for the control, approximate solutions for
the state equations have been obtained integrating forward with the Runge–Kutta
method. Using those state values, the solutions of the adjoint equations have been
approximated integrating backward from the final time conditions λi (T ) = 0. The
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Table 1 Summary of parameters and initial conditions used in numerical analyses and their meanings

Description Symbol Value References

Natural fertility rate ν 0.6 Barlow (1996)

Natural mortality rate μ 0.4 Barlow (1996)

Carrying capacity K 84 Smith et al. (2007)

Disease-induced mortality rate α 0.05 Smith and Cheeseman (2002)

Basic reproduction number R0 2–10 Barlow (1996)

Transmission coefficient β
R0(α+μ)

K Barlow (1996)

Relative cost per unit culling effort
over the cost of a single infection

P 40–120 Smith et al. (2007)

Upper bound of the control u(t) umax 0.1 –

Initial condition on S(t) S(0) K –

Initial condition on I (t) I (0) 1 –

control is updated using the control characterization, and iterations continue until
successive values of all variables from current and previous iterations are sufficiently
close.

We set the final time T in our simulations in order to cover the first outbreak in the
population, represented by the first epidemic wave (T = 15 with the parameter set
in Table 1). This allows us to compare the results obtained through the system with
host demography (8, 9) with those of the epidemic system with no growth (41, 42)
where the infection dies out after the first peak. Moreover, in deterministic epidemic
models with recruitment (such as (8, 9)) the pathogen never wholly dies out and can
regenerate from arbitrarily small amounts of residual infection (the so-called ‘atto-
fox’ problem, Mollison 1991). Then, in taking into account the first outbreak only, we
excluded from the analysis the following inter-epidemic periods with unrealistically
low disease prevalence.

In the case of linear costs (θ = 1), the occurrence of singular controls has been
verified by checking the value of |ψ(t)|, where the switching function ψ is given
in (24), but in our numerical results the singular case does not occur and the optimal
controls are always bang-bang. Indeed, Fig. 1 qualitatively shows where the necessary
condition (30) is fulfilled and, taking into account the bounds for us , it turns out that
the singular control could be optimal only in a very narrow region of the (S, I ) plane,
and actually in our simulations it never occurs.

We displayed in Fig. 2a the numerical analysis of optimal control problem (6) for
model (8, 9) in the parameter space [P, R0(β)]. Parameter R0, the so called basic
reproduction number, is a classical measure in epidemiology which represents the
average number of secondary infections produced by a single infected individual in
a completely susceptible population in the absence of control (Anderson and May
1979). For model (8, 9), it can be written for varying transmission coefficient β, as
R0(β) = βK/(α + μ) (see e.g., Barlow 1996).

Region 1 in Fig. 2a (light grey) represents the combinations of parameters
[P, R0(β)] for which the optimal control problem (6) selects for ‘reactive’ culling
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Fig. 1 Legendre Clebsch
condition (30) for model (8, 9)
with bounded control (5) with
θ = 1 and R0 = 4. The grey
regions represent the admissible
values of the singular control
us (R, Q) when Pβ < 1 (above
the dotted line) or Pβ > 1
(below the dotted line). Other
parameter values as in Table 1
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Fig. 2 a Numerical analysis of the optimal control problem (6) with θ = 1 for model (8, 9) in the parameter
space [P, R0(β)]. Region 1 [2] represents the parameter combinations for which the optimal control problem
selects for ‘reactive’ [‘delayed’] culling strategies, i.e. characterized by u∗(0) = umax [u∗(0) = 0]. b, c
Number of infected individuals (I (t): solid grey curve, left axes) and the optimal control function (u∗(t):
black curve, right axes) as a function of time t ; dashed grey curves represent the infected individuals in the
absence of control (i.e. u∗(t) ≡ 0). b P = 70, R0 = 6. c P = 110, R0 = 3.5. Other parameter values as
in Table 1

strategies, characterized by u∗(0) = umax . In Fig. 2b we showed an example of ‘reac-
tive’ culling strategy by displaying the number of infected individuals (I (t), in solid
grey) and the optimal control function (u∗(t), in black) as a function of time t . (Dashed
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Fig. 3 Numerical analysis of the optimal control problem (6) with θ = 1 for model (8, 9) in the parameter
space [α, β]. Light grey [dark grey] region represents the parameter combinations for which the optimal con-
trol problem selects for ‘reactive’ [‘delayed’] culling strategies, characterized by u∗(0) = umax [u∗(0) =
0]. Black lines represent the combination of parameter for which R0 = const . Parameter P has been set to
80; other parameter values as in Fig. 2

grey curve represents the infected individuals in the absence of control, i.e. u∗(t) ≡ 0.)
On the other hand, region 2 in Fig. 2a (dark grey) represents the combinations of para-
meters [P, R0(β)] for which the optimal control problem (6) selects for ‘delayed’
culling strategies, characterized by u∗(0) = 0. Similarly to Fig. 2b, we showed in
Fig. 2c an example of ‘delayed’ culling strategy by displaying the number of infected
individuals (I (t), in solid grey) and the optimal control function (u∗(t), in black) as a
function of time t .

From Fig. 2, we noticed that higher costs per unit culling effort (P) may select for
‘delayed’ culling strategies when the basic reproduction number R0 assumes interme-
diate values. Conversely, very high values of R0 (representing fast infection dynamics
respect to demographic ones) always selects for ‘reactive’ culling strategies regard-
less of the costs. The last finding is consistent with the analytical results obtained with
epidemic system with no growth (41, 42).

In Fig. 3 we showed an in-depth examination of the results obtained in Fig. 2. In
particular, we analysed the role of the epidemiological parameters α (disease-induced
mortality) and β (transmission coefficient)—which are the main component for R0
expression (see Table 1)—on optimal control problem (6) outputs. Fig. 3 shows that for
a given basic reproduction number (R0 = const) the optimal control problem always
selects for ‘reactive’ culling strategies when the values of disease-induced mortality
(α) are low, while may select for ‘delayed’ culling strategies when the values of α are
high (and R0 is set to intermediate levels).
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4 Optimal culling control with limited resources

In order to test the robustness of analytical results described in previous sections to
alternative choices of the objective functional, here we provided the characterization
of the optimal control in SI model with no growth (41, 42) under the assumption of
limited resources (see e.g., Hansen and Day 2011b). Optimal control with limited
resources represents an alternative approach to classical bioeconomic models. Specif-
ically, it avoids standard cost estimates (usually very difficult to obtain) and relies on
the minimization of the infection burden given constraints on the number of hunting
licenses without search for their monetary equivalents.

We formulate the following optimal control problem for model (41, 42) as

min
u(t)∈U

T∫

0

I (t) dt (54)

subject to the resource constraint

T∫

0

u(t) dt ≤ zmax . (55)

The objective functional (54) represents the total infectious burden, and its mini-
mization can be considered equivalent to minimizing the total number of infectives
(Hansen and Day 2011b). Resource constraint formulation as in (55) implies that the
total effort applicable during an outbreak is limited. For instance, a similar scenario
can be expected when both the number of hunters available in a single hunting session
(described by umax ) and number of hunting days (described by zmax/umax ) are limited
due to economic or logistic constraints.

Then, the SI epidemic model with no growth and subject to limited resources is
described by the following set of equations:

Ṡ = −βSI − u S (56)

İ = βSI − (α + u) I (57)

ż = u. (58)

The Hamiltonian is

H = I − λ1 βSI − λ1 uS + λ2 βSI − λ2 (α + u)I + λ3 u (59)

where the adjoint variables satisfy

λ̇1 = (λ1 − λ2)β I + λ1 u (60)

λ̇2 = (λ1 − λ2)βS + λ2 (α + u)− 1 (61)

λ̇3 = 0 (62)
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and transversality conditions are λ1(T ) = λ2(T ) = 0, λ3(T ) = p ≤ 0 (Hansen and
Day 2011b). The switching function is now given by

ψ(t) = ∂H
∂u

= λ3 − λ1 S − λ2 I, (63)

and the optimal control satisfies

u∗ =

⎧⎪⎨
⎪⎩

0 if λ3 − λ1 S − λ2 I > 0

us if λ3 − λ1 S − λ2 I = 0

umax if λ3 − λ1 S − λ2 I < 0.
(64)

Let us calculate ψ̇ ; we obtain again ψ̇ = I (1 − Λ), such as in Theorem 3 formula
(37), with Λ given by (38). Simple algebra yields

Λ̇ = βS[1 −Λ− λ2 α] (65)

λ̇2 = Λ− 1 + λ2(α + u). (66)

The following result holds.

Theorem 6 The optimal control u∗(t) for SI epidemic model with no growth (41, 42)
which minimizes (54) with resource constraint (55) can be only bang-bang; moreover,
u∗(t) ≡ 0 cannot be a solution.

Proof As in the proof of Theorem 3, if ψ = 0 on some non empty interval J , then
on J : ψ̇ = 0, Λ = 1, Λ̇ = 0, λ2 = 0. It follows, from (38), that βSλ1 = 1
and, from (63), that λ3 − λ1S = 0 on J . This implies λ3 = 1

β
> 0, which

contradicts the transversality condition λ3 ≤ 0. Thus, the optimal control is bang
bang.

For the second part, suppose that u∗(t) ≡ 0 is optimal. Then, from (64), ψ(t) =
λ3 − λ1 S − λ2 I > 0 ∀ t ≤ T . Also, since u∗(t) ≡ 0 means that the state constraint
is not active, it must be λ3 = 0 (Maurer 1977). This implies ψ(T ) = 0. Moreover,
when u ≡ 0, Λ(T ) = 0, Λ̇(T ) > 0 and sign(Λ̇) = −sign(λ̇2); the latter means that
this sign can not change in finite time. Then Λ|u∗≡0 ≤ 0 ⇒ ψ̇(t) > 0 ∀ t ≤ T ⇒
ψ(t) ≤ 0 ∀ t ≤ T , which contradicts the hypothesis. ��

The above result allowed us to exclude that the optimal control u∗(t) has the form
0 → umax . Indeed, the sign ofψ(t)when u∗ = 0 cannot change, and then if u∗ = 0 at
t = 0 it remains zero ∀ 0 < t ≤ T , but this is in contradiction with Theorem 6. More
generally, the same arguments can be applied to show that it is not possible to switch
from a zero to a non zero value of u∗. Then, the only admissible forms for u∗ are: i)
umax → 0, with switch occurring at time ts in which all resources are used up (Hansen
and Day 2011b), namely

∫ ts
0 umax dt = zmax ; or ii) u∗(t) = umax ∀0 ≤ t ≤ T (with

no switches) when the final time T is too short with respect to resources availability,
namely when

∫ T
0 umax dt < zmax .
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5 Discussion and conclusions

The basic reproduction number (R0) is a central metric in epidemiology as it helps to
determine whether a pathogen is able to invade and establish in a susceptible popula-
tion and can be used to tune up disease control campaigns. Disease control achieved
by implementing a constant culling rate, estimated on the basis R0, to drive the pop-
ulation below the threshold density for disease eradication has been one of the main
focus in the management of wildlife diseases (Anderson et al. 1981; Coyne et al.
1989; Barlow 1996). However, an approach based on the basic reproduction number
can not account for dynamics after pathogen introduction, nor for epidemiological
and economic tradeoffs. Moreover, as highlighted by Lloyd-Smith et al. (2005), host
population thresholds for infectious diseases in wildlife are always difficult to measure
and control policies based solely on threshold targets are rarely warranted. In addition,
Potapov et al. (2012) showed that such thresholds can not even exist if transmission
follows a ‘true mass action’ function (as defined in McCallum et al. 2001).

In this article we have proposed a general bio-economic framework to explore
culling control strategies from the perspective of socially optimal management, where
both sanitary costs associated with the infection and costs for the control measures are
considered. Our analysis showed that the optimal control strategy strongly depends
upon the specific assumptions on the disease-free host dynamics, i.e. whether the host
is characterized by Malthusian growth, logistic growth or whether host demography
is negligible with respect to the infection dynamics.

In the case of linear cost, we analytically proved that for host populations charac-
terized by Malthusian growth the optimal solution is always bang-bang with respect
to the culling effort (Theorem 3). Moreover, we proved that, when host dynamics is
negligible with respect that of the infection (SI epidemic model with no growth), the
optimal control strategies are either ‘reactive’, i.e. intensified hunting campaigns at the
onset of the epidemics, or ‘do-nothing’, i.e. let the disease run its course (Theorem 4).
Specifically, ‘reactive culling’ [‘do-nothing alternative’] is optimal when the relative
cost per unit culling effort over the cost of a single infection (P) is sufficiently low
[high]. These results are consistent with the optimal vaccination policy derived by
Morton and Wickwire (1974) under linear control assumption. In fact, they found that
the optimal vaccination strategy is bang-bang and has at most one switch. Conversely,
Wickwire (1975) found that, in the case of linear control, optimal isolation strategies
provide for using either maximal control for the entire epidemic or to use no control
at all (with no switching between these extremes).

In addition, in Sects. 2.3.1 and 4 we characterized the optimal control in SI epidemic
model with no growth under the assumptions of quadratic control and limited control
resources, respectively. For the quadratic control, we found that the optimal strategy
is always ‘reactive’, while the do-nothing alternative, that can be optimal for the linear
control, is never optimal in this case. In particular, we proved that the optimal solution
is strictly positive and not increasing with time (Theorem 5). Similarly, in the case of
limited resources we found that the optimal strategy is always ‘reactive’. Moreover,
we proved that the optimal solution is always bang-bang and that uses all of the
available resources (Theorem 6). As in the case of linear control, the optimal strategy
when resources are limited is consistent with the results obtained when the control
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is exerted through vaccination, while it diverges from the optimal control performed
through isolation of the infected individuals, where the optimal strategy is not unique
(Hansen and Day 2011b).

In Sect. 4, we applied the resource constraint, as defined in (55), on the overall
culling effort applicable during the outbreak. However, other constraint formulations
can be used in more specific infection contexts. For instance, in the case of valuable
(Horan and Wolf 2005) or endangered (Dobson and Meagher 1996) wildlife hosts, the
control limitation can be imposed on the maximum number of culled animals during
the entire outbreak, specifically on

∫ T
0 u(t)(S + I ) dt .

The results obtained with the SI epidemic model with no growth can also be
extended to the case of infections in domestic animals displaying high transmissibility
(i.e., a faster dynamics than livestock turnover). This is the case of foot-and-mouth
disease for which culling has been widely applied in 1997 epidemic in Taiwan pig
(Donaldson 1997) and 2001 epidemic in UK cattle and sheep (Gibbens et al. 2001).
In accordance with our findings, several studies showed that a very early interven-
tion through culling might have controlled ongoing foot-and-mouth epidemics both in
Taiwan (Howard and Donnelly 2000) and UK (Ferguson et al. 2001a, b; Keeling et al.
2003).

Focusing on linear control, when host population is characterized by logistic growth,
we found that the optimal solution can be multifaceted (Theorem 2). Similarly to
de Pillis et al. (2007), we showed that the singular control us is possible in confined
regions of the phase plane, while the optimal solution is bang-bang otherwise (see
Fig. 1). More specifically, by using numerical analyses, we found that the singular
control never occur in our scenarios. A similar result was obtained by Clayton et al.
(2010) in a optimal vaccination model for raccoon rabies.

In addition, our numerical analyses showed that, similarly to the negligible growth
case, the optimal strategy is always ‘reactive’ when P is low, conversely ‘delayed’
culling campaigns (carried out at the end of the epidemic wave) can be optimal when P
is sufficiently high and R0 assumes intermediate values (see Fig. 2). The ‘do-nothing
alternative’ is an optimal solution in the presence of logistic growth only for culling
costs higher than those used in the present numerical analyses (see Table 1).

The result of our numerical analyses showed that optimal control strategies may
change substantially under different culling cost. Then, different culling methods
(characterized by different costs) applied at the same diseased host population can
be performed following different strategies. For instance, bovine tuberculosis in UK
badger has been faced either by gassing (i.e., pumping hydrogen cyanide into badger
setts) or by trapping (i.e., capturing badger in cage traps at their setts), see Don-
nelly et al. (2006) and Smith et al. (2007). Our model showed that gassing—which
is ethically debatable, but less costly and more effective, i.e. characterized by low
culling costs—is more efficient when performed at the beginning of the epidemic,
while trapping—characterized by higher culling costs—can also be efficient when
performed over of the epidemic peak (see Fig. 2).

The analyses performed in the present work show that it can be inadequate to
define optimal control strategies exclusively on the basis of the basic reproduction
number. As illustrated in Fig. 3, diseases characterized by the same R0 (and same
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costs) can be better controlled by ‘reactive culling’ when disease-induced mortality
(α) is low, while ‘delayed’ culling can represent the optimal strategy when α is high.
The rationale for the observed difference lies in the ability of highly virulent diseases
to effectively reduce host population in the first stages of the epidemic, mimicking
in that time span (and in a ‘cheaper’ way) the effect of harvest campaigns. This is
in agreement with the guidelines provided by Laddomada (2000) for the control of
classical swine fever virus in wild boar, where he suggested to adopt ‘delayed’ culling
in the case of highly virulent strains which are able to reduce the population density.
The ‘delayed’ culling has also been suggested by Kaden (1999) in the case the wild
boar population density is low. A similar conclusion can be obtained from our analyses
provided the carrying capacity is a limiting factor for the host population density (i.e.,
when density-dependent mechanisms are strong).

Optimal control theory in host with density-dependent growth has also been applied
to tune up vaccination campaigns. Several works showed that, while showing complex
control patterns in time and space, optimal vaccination strategies are always reactive,
i.e. they should start at the onset of the epidemics (Asano et al. 2008; Clayton et al.
2010; Neilan and Lenhart 2011). On the other hand, Handel et al. (2007) and Hansen
and Day (2011a) showed that delayed interventions (through transmission reduction
or drug treatment) can be the optimal strategy also in the absence of density-dependent
mechanisms when the main goal of the control policy is to maximize the final number
of susceptibles or to prevent future outbreaks.

By discussing the potential benefits of ‘delayed’ culling to classical swine fever
(CSF) in wild boar, Schnyder et al. (2002) suggested that post-peak hunting (together
with population reduction due to the infection) may favour disease stochastic fade
out. We indirectly accounted for this possibility by limiting the numerical analysis
to the first wave of the epidemic. Anyway, in the future the potential for and the
consequence of disease fade out on optimal control strategies need to be explicitly
explored by including demographic stochasticity in the epidemiological dynamics
(Fleming and Rishel 1975). In addition, Laddomada (2000) and Schnyder et al. (2002)
suggested that culling can be used as a complementary measure to oral vaccination
in CSF control. Combined control strategies have been scrutinized through optimal
control theory in a number of studies: Horan and Wolf (2005) analysed the effect of
culling and additional feeding, Hansen and Day (2011b) the effect of vaccination and
isolation, while Lee et al. (2010) the effect of isolation and treatment. However, to
our knowledge the combination of culling and vaccination has been never studied by
using optimal control theory.

Other aspects of host demography and disease epidemiology that can play an impor-
tant role and that were not included in the present study are, for instance, the age/size
population structure (Ainseba and Iannelli 2012), host immunity (Okosun et al. 2011),
as well as size dependent culling rates for young individuals vs. older ones (Schnyder
et al. 2002). While all these details are likely to be crucial to fine tune optimal control
strategies, we are confident that the results of the present study, thanks the simplic-
ity and generality of model formulation, will serve as useful baseline to contrast the
outcome of future investigations.
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